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1 Introduction
As is well known, Ambrose and Singer [2] gave a characterization of a connected, simply
connected and complete homogeneous Riemannian manifold in terms of a tensor field
S of type (1, 2) on the manifold, which is called a Riemannian homogeneous structure.
Moreover, Sekigawa [18] obtained the corresponding result for almost Hermitian manifolds,
defining almost Hermitian homogeneous structures.
We have extended [10] the Ambrose–Singer and Sekigawa characterizations to the case
of pseudo–Riemannian manifolds, introducing homogeneous pseudo–Riemannian struc-
tures and homogeneous almost para–Hermitian structures. Furthermore, we have ob-
tained [16] a classification of homogeneous pseudo–Riemannian structures into eight classes,
according to the manifold admits a homogeneous pseudo–Riemannian structure S belong-
ing to an invariant subspace of certain space S1⊕S2⊕S3, generalizing so the Riemannian
case studied by Tricerri and Vanhecke [19].
On the other hand, by using the classification of almost Hermitian manifolds given by
Gray and Hervella [11], Sekigawa’s theorem [18] and Tricerri and Vanhecke’s classification
of homogeneous Riemannian structures [19], Abbena and Garbiero [1] have obtained the
classification of homogeneous almost Hermitian structures.
In the present paper, we give a classification of homogeneous almost para–Hermitian
structures (§§3,4) by using our results [10] for the almost para–Hermitian case, our clas-
sification [16] for the reductive homogeneous pseudo–Riemannian structures and the clas-
sification [8] of almost para–Hermitian manifolds. In §5, some consequences of the classi-
fication are obtained.
Some examples (§6) are also given. They include some para–Ka¨hler manifolds. These
manifolds were introduced by Rashevskij [17] and Libermann [14], and studied by several
authors (see Bejan [4], Cruceanu et al. [5] and their large lists of references, and Gadea
et al. [6, 7, 9], [?], Kaneyuki [12], Kaneyuki and Kozai [13], ’Olafsson [15]). The para–
Hermitian symmetric spaces corresponding to the classification by Kaneyuki and Kozai [13]
are examples of quantizable coadjoint orbits [12] in the sense of Kostant.
Acknowledgments. The authors want to express their hearty thanks to Prof. A. Mon-
tesinos Amilibia and Prof. J. Mun˜oz Masque´ by their valuable help.
2 Reductive homogeneous pseudo–Riemannian manifolds
Let M be a connected C∞ manifold of dimension m + n ≥ 2. Let g denote a pseudo–
Riemannian metric of signature (m, n) on M , ∇ the Levi-Civita connection of g and R
the curvature tensor.
A homogeneous pseudo–Riemannian structure [10] on (M, g) is a tensor field S of type
(1, 2) on M such that the connection ∇˜ = ∇− S satisfies
∇˜g = 0, ∇˜R = 0, ∇˜S = 0.
We proved [10] that if (M, g) is connected, simply connected and complete, then it
admits a homogeneous pseudo–Riemannian structure if and only if it is a reductive homo-
geneous pseudo–Riemannian manifold.
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Let V be a real vector space endowed with an inner product 〈 , 〉 of signature (m, n).
(V, 〈 , 〉) will be the model for each tangent space TxM , x ∈M , of a reductive homogeneous
pseudo–Riemannian manifold of signature (m, n). Consider the vector space S(V ) of (0, 3)
tensors on (V, 〈 , 〉) satisfying the same symmetries as a homogeneous pseudo–Riemannian
structure S, that is,
S(V ) = {S ∈
3
⊗ V ∗ : SXY Z = −SXZY , X, Y, Z ∈ V },
where SXY Z = 〈SXY, Z〉.
We have established [16] the decomposition of S(V ) into invariant and irreducible
subspaces under the action of the pseudo–orthogonal group O(m, n) given by
(aS)XYZ = Sa−1X a−1Y a−1Z , a ∈ O(m, n).(2.1)
In fact, we have
Theorem 2.1 If dim V ≥ 3, then S(V ) decomposes into the direct sum of subspaces which
are invariant and irreducible under the action of O(m, n),
S(V ) = S1(V )⊕ S2(V )⊕ S3(V ),(2.2)
where
S1(V ) = {S ∈ S(V ) : SXY Z = 〈X, Y 〉ω(Z)− 〈X,Z〉ω(Y ), ω ∈ V
∗ },
S2(V ) = {S ∈ S(V ) : S
XY Z
SXY Z = 0, c12(S) = 0 },
being c12(S)(X) =
∑
i εiSeieiX , where {ei} is an orthonormal basis of V , 〈ei, ei〉 = εi,
εi = −1 for 1 ≤ i ≤ m, εi = 1 for m+ 1 ≤ i ≤ m+ n,
S3(V ) = {S ∈ S(V ) : SXY Z + SY XZ = 0 }.
If dim V = 2 then S(V ) = S1(V ).
Now, let (M, g, J) be an almost para–Hermitian manifold. That is, J is an almost
product structure on M compatible with the pseudo–Riemannian metric g as an anti–
isometry: g(JX, JY ) = −g(X, Y ), X, Y ∈ X(M). In this case, m = n and dimM = 2n.
(M, g, J) is a homogeneous almost para–Hermitian manifold if there exists a Lie group of
almost paracomplex isometries acting transitively and effectively on M .
We have proved [10] that a connected, simply connected and complete almost para–
Hermitian manifold (M, g, J) is reductive homogeneous if and only if there exists a (1, 2)
tensor field S on M such that
∇˜g = 0, ∇˜R = 0, ∇˜S = 0, ∇˜J = 0,
where ∇˜ = ∇− S, ∇ is the Levi–Civita connection of g and R the curvature tensor of ∇.
A homogeneous almost para–Hermitian structure is a tensor field S satisfying the above
conditions.
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3 Classification of homogeneous almost para–Hermitian
structures at the tangent space level
In order to classify the homogeneous almost para–Hermitian structures we consider a 2n–
dimensional real vector space V endowed with a paracomplex operator J and a compatible
para–Hermitian inner product 〈 , 〉: 〈JX, JY 〉 = −〈X, Y 〉, X, Y ∈ V . That is, the space
V will be the model for the tangent space at each point of an almost para–Hermitian
manifold (M, g, J).
We must recall that a paracomplex operator on a 2n–dimensional vector space V is an
almost product operator on V with characteristic polynomial (x− 1)n(x+ 1)n.
One proves easily that the group of paracomplex isometries of (V, 〈 , 〉, J) is
GL(n,R) ≡
{(
A 0
0 tA−1
)
: A ∈ GL(n,R)
}
,
taking as bases of V adapted to (〈 , 〉, J) the bases {Ai, Ui } satisfying
JAi = Ai, JUi = −Ui, 〈Ai, Aj〉 = 〈Ui, Uj〉 = 0, 〈Ai, Uj〉 = 〈Ui, Aj〉 = δij .
Let V and H denote respectively the (+1) and (−1)–eigenspaces corresponding to the
eigenvalues +1 and −1 of J. Then V (for “vertical”) and H (for “horizontal”) are maximal
〈 , 〉–isotropic subspaces of V .
In order to obtain the decomposition of the vector space S(V ) into invariant and
irreducible subspaces under the action of GL(n,R) we first consider the endomorphism Φ
of S(V ) defined by Φ(S)XYZ = SX JY JZ . Then Φ has as eigenspaces
S(V )+ = {S ∈ S(V ) : SXYZ = SX JY JZ }
and
S(V )− = {S ∈ S(V ) : SXYZ = −SX JY JZ },
which are invariant under the action of GL(n,R) defined as in (2.1). We have
S(V ) = S(V )+ ⊕ S(V )− .
We first study the decomposition of S(V )− into subspaces which are invariant and
irreducible under the action of the paraunitary group GL(n,R). For a given S ∈ S(V )− ,
let c12(S) ∈ V
∗ be defined with respect to the above adapted basis by
c12(S)(X) =
∑
i
(SAiUiX + SUiAiX), X ∈ V.
Consider the following subspaces of S(V )−:
S(V )V− = {S ∈ S(V )− : SUXY = 0, U ∈ H, X, Y ∈ V },
S(V )H− = {S ∈ S(V )− : SAXY = 0, A ∈ V, X, Y ∈ V }.
We have:
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Theorem 3.1 If dim V = 2n, n > 2, S(V )− decomposes into eight subspaces which are
invariant and irreducible under the action of GL(n,R):
S(V )− = P1 ⊕ P2 ⊕ P3 ⊕ P4 ⊕ P5 ⊕ P6 ⊕ P7 ⊕ P8,
where
P1 = {S ∈ S(V )
V
− : SABU = SBAU , c12(S) = 0, A, B ∈ V, U ∈ H},
P2 = {S ∈ S(V )
V
− : SABU = 〈B, U〉ω(A) + 〈A, U〉ω(B), A, B ∈ V, U ∈ H, ω ∈ V
∗ },
P3 = {S ∈ S(V )
V
− : SAAU = 0, c12(S) = 0, A ∈ V, U ∈ H },
P4 = {S ∈ S(V )
V
− : SABU = 〈B, U〉ω(A)− 〈A, U〉ω(B), A, B ∈ V, U ∈ H, ω ∈ V
∗ }.
P5, P6, P7 and P8 are defined respectively as P1, P2, P3 and P4, interchanging V and
H.
If dimV = 4, then S(V )− = P1 ⊕ P2 ⊕ P4 ⊕ P5 ⊕ P6 ⊕ P8.
If dimV = 2, then S(V )− = P2 ⊕ P4 ⊕ P6 ⊕ P8.
Proof. From the symmetries of S(V )− it follows that it is the direct sum of the subspace
S(V )V− and its “dual” space S(V )
H
− . From the theory of representations[20, 3] one obtains
the given invariant and irreducible subspaces, which for n > 2 have respective dimen-
sions dimP1 = dimP5 = (n
2(n + 1)/2) − n, dimP2 = dimP4 = dimP6 = dimP8 = n,
dimP3 = dimP7 = n(n+ 1)(n− 2)/2. If n = 2 or n = 1 we have the above corresponding
decompositions. 2
Gadea and Mun˜oz Masque´ [8] have obtained the decomposition of W = S(V )+ into
eight subspaces W1, . . . , W8, which are invariant and irreducible under the action of the
group GL(n,R). If n ≥ 3, all the spaces W1, . . . , W8 appear. If n = 2, then W1 = W3 =
W5 = W7 = {0} and if n = 1 then W = {0}. We recall the defining conditions of the
primitive classes Wi in the following
Theorem 3.2 If dim V ≥ 6, then S(V ) is the direct sum of subspaces which are invariant
and irreducible under the action of GL(n,R),
S(V ) = P1 ⊕ P2 ⊕ P3 ⊕ P4 ⊕ P5 ⊕ P6 ⊕ P7 ⊕ P8(3.1)
⊕W1 ⊕W2 ⊕W3 ⊕W4 ⊕W5 ⊕W6 ⊕W7 ⊕W8,
where Pi, i = 1, . . . , 8, are defined in Theorem 3.1, and
W1 = ∧
3V∗,
W2 = {S ∈ V
∗ ⊗∧2V∗ : S
ABC
SABC = 0, A, B, C ∈ V },
W3 = {S ∈ V
∗ ⊗∧2H∗ :
n∑
i=1
SAiUiUj = 0, 1 ≤ j ≤ n,
where {Ai, Ui}, 1 ≤ i ≤ n, is an adapted frame of V },
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W4 = {S ∈ V
∗⊗∧2H∗ : SAUV = 〈A, V 〉ω(U)−〈A, U〉ω(V ), A ∈ V , U, V ∈ H, ω ∈ H
∗ }.
W5, W6, W7 and W8 are defined as W1, W2, W3, W4, respectively, interchanging V and
H.
If dimV = 4, then
S(V ) = P1 ⊕ P2 ⊕ P4 ⊕ P5 ⊕ P6 ⊕ P8 ⊕W2 ⊕W4 ⊕W6 ⊕W8.
If dimV = 2, then S(V ) = P2 ⊕ P4 ⊕ P6 ⊕ P8.
4 Classification of homogeneous almost para–Hermitian
structures
Let (M, g, J) be an almost para–Hermitian manifold of dimension 2n. The structural
group corresponding to the metric is isomorphic to the pseudo–orthogonal group O(n, n)
and the structural group corresponding to (g, J) is the paraunitary group GL(n,R), with
the representation given in §3. According to Theorem 2.1, we have a decomposition of
S(V ) into subspaces which are invariant and irreducible under the action of O(n, n), that
is, S(V ) = S1(V ) ⊕ S2(V ) ⊕ S3(V ). These subspaces are also invariant and irreducible
under the action of GL(n,R). Recall that V is a vector space which is the model for each
tangent space TxM , x ∈M . On the other hand, we have a decomposition of the space W
of (0, 3)–tensors on V satisfying the same symmetries as the covariant derivative ∇F of
the fundamental 2–form F (defined by F (X, Y ) = g(X, JY ), X, Y ∈ X(M) ) with regard
to the Levi–Civita connection ∇, into eight subspaces which are invariant and irreducible
under the action of GL(n,R), W = W1 ⊕W2 ⊕W3 ⊕W4 ⊕W5 ⊕W6 ⊕W7 ⊕W8. We
recall that Wi and Wi+4, i = 1, . . . , 4, are dual under interchange of the “vertical” and
“horizontal” subspaces V and H associated to the eigenvalues +1 and −1, respectively, of
the almost product operator J on V .
In order to relate the two decompositions (2.2) and (3.1), given an almost para–
Hermitian manifold (M, g, J), consider that from the condition ∇˜J = 0 we have
(∇XF )(Y, Z) = SX JY Z + SX Y JZ , X, Y, Z ∈ X(M).(4.1)
From this, we can consider the homomorphism
ψ : S(V )→W, (ψ(S))XY Z = SX JY Z + SX Y JZ , X, Y, Z ∈ V.
It is clear that ψ commutes with the action of GL(n,R).
The dimensions of the subspaces S1(V ), S2(V ), S3(V ), Pi, Wi, i = 1, . . . , 8, are
dimS1(V ) = 2n, dimS2(V ) =
8
3n(n+ 1)(n− 1), dimS3(V ) =
(2n
3
)
,
dimP1 = dimP5 =
1
2n(n− 1)(n+ 2), dimP2 = dimP4 = dimP6 = dimP8 = n,
dimP3 = dimP7 =
1
2n(n+ 1)(n− 2), dimW1 = dimW5 =
(
n
3
)
,
dimW2 = dimW6 =
1
3n(n− 1)(n+ 1), dimW3 = dimW7 =
1
2n(n+ 1)(n− 2),
dimW4 = dimW8 = n.
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Remark. We also have dimS(V ) = 2n2(2n−1), dimS(V )− = 2n
3, and dimS(V )+ =
2n2(n− 1).
Let ψi = ψ|Si(V ), i = 1, 2, 3. Then we have the following:
Theorem 4.1 (1) The homomorphisms
ψ1 : S1(V ) −→W4 ⊕W8, ψ3 : S3(V ) −→W1 ⊕W3 ⊕W4 ⊕W5 ⊕W7 ⊕W8,
are isomorphisms and commute with the action of GL(n,R).
(2) The homomorphism ψ2 : S2(V ) −→ W2 ⊕W3 ⊕W4 ⊕W6 ⊕W7 ⊕W8 is surjective
and commutes with the action of GL(n,R).
(3) If dimV = 2n, n > 2, then
S(V ) = W ′4 ⊕W
′
8 ⊕ P1 ⊕ P5 ⊕W
′′
2 ⊕W
′′
3 ⊕W
′′
4 ⊕W
′′
6 ⊕W
′′
7 ⊕W
′′
8(4.2)
⊕W ′′′1 ⊕W
′′′
3 ⊕W
′′′
4 ⊕W
′′′
5 ⊕W
′′′
7 ⊕W
′′′
8 ,
where ψ1(W
′
i ) = Wi, i = 4, 8 ; P1 ⊕ P5 = Kerψ2 ; ψ2(W
′′
i ) = Wi, i = 2, 3, 4, 6, 7, 8 ;
ψ3(W
′′′
i ) =Wi, i = 1, 3, 4, 5, 7, 8.
If dim V = 4, then S(V ) =W ′4 ⊕W
′
8 ⊕P1 ⊕P5 ⊕W
′′
2 ⊕W
′′
4 ⊕W
′′
6 ⊕W
′′
8 ⊕W
′′′
4 ⊕W
′′′
8 .
If dimV = 2, then S(V ) =W ′4 ⊕W
′
8.
All the subspaces are invariant and irreducible under the action of GL(n,R).
Proof. It is immediate that ψ(S1(V )) ⊂ W4 ⊕W8. Moreover, if ψ1(S) = 0, it follows
immediately that SXAB = SXUV = 0, and a mere computation shows that SXAU = 0,
X ∈ V , A,B ∈ V , U, V ∈ H. As dimS1(V ) = dim(W4 ⊕W8), ψ1 is an isomorphism.
With regard to ψ3, we first prove that ⊕i=1,3,4,5,7,8Wi ⊂ ψ(S3(V )). Let S ∈W1. Then
S˜ = (1/2)S is an element of S3(V ) such that ψ(S˜) = S. Similarly, W5 ⊂ ψ(S3(V )). Let
S ∈W3 ⊕W4. Then S˜, defined by
S˜A+U B+V C+W = −
1
2
(SAVW − SBUW + SCUV ),
is an element of S3(V ) such that ψ(S˜) = S. Similarly, W7 ⊕ W8 ⊂ ψ(S3(V )). Now,
dimψ(S3(V )) ≤ dimS3(V ) = dim⊕i=1,3,4,5,7,8Wi, and consequently, ψ3 is an isomorphism.
As for ψ2, we first consider that
Kerψ2 = {S ∈ S(V ) : S
XY Z
SXY Z = 0, c12(S) = 0, SXY Z = −SX JY JZ , X, Y, Z ∈ V }
= {S ∈ S(V )− : S
XYZ
SXYZ = 0, c12(S) = 0 }.
We shall prove that Kerψ2 = P1 ⊕ P5. In fact, if S ∈ P1 ⊕ P5, in order to see that
S ∈ Kerψ2, we need only to prove that SXY Z SXY Z = 0, but this follows from a case–
by–case computation, having in mind the symmetries of P1 and P5. Conversely, if S ∈
Kerψ2, then we can write SXYZ =
1
2(SXY Z − SX JY JZ). Now, applying the condition
SXY Z SXYZ = 0, another case–by–case computation shows that S ∈ P1 ⊕ P5. Note that
dimKerψ2 = dim(P1 ⊕ P5) = n(n− 1)(n+ 2), and thus for n = 1, Kerψ2 = {0}.
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We shall now prove that ⊕i=2,3,4,6,7,8Wi ⊂ ψ(S2(V )). If S ∈ W2, then S˜ = (1/2)S is
an element of S2(V ) such that ψ(S˜) = S. Analogously for S ∈ W6 and S˜ = −(1/2)S. If
S ∈W3, define S˜ by
S˜XY Z = −
1
4
(SXY Z + SY XZ − SXZY − SZXY ).
Then S˜ ∈ S2(V ) and ψ(S˜) = S. And similarly for W7.
If S ∈W4, SAUV = 〈A, U〉ω(U)− 〈A, U〉ω(V ), ω ∈ V
∗, then S˜, defined by
S˜XY Z =
3
4n + 4
{ 〈X, Y 〉ω(Z)− 〈X,Z〉ω(Y ) }
−
2n− 1
4n+ 4
{ 2〈Y, JZ〉ω(JX)− 〈X, JY 〉ω(JZ)− 〈JX, Z〉ω(JY ) },
is an element of S2(V ) such that ψ(S˜) = S. Similarly for S ∈ W8. Hence, since
dim⊕i=2,3,4,6,7,8Wi = dimS2(V ) − dimKerψ2 = dim Imψ2, we have that ψ(S2(V )) =
⊕i=2,3,4,6,7,8Wi.
Finally, (3) follows from (1), (2) and the previous results. 2
Remark. As for the number of classes in S1(V ), S2(V ), S3(V ), we note that since
Wi and Wi+4, and also Pi and Pi+4, i = 1, 2, 3, 4, are “dual” under interchange of V and
H, we can consider the number of classes up to duality. If a space Si(V ) has pi primitive
classes, then it is clear that, up to duality, we have
ni =
1
2
(2pi − 2pi/2) + 2pi/2
classes in Si(V ), i = 1, 2, 3. Specifically, we have n1 = 3, n2 = 136, n3 = 36.
5 Reductive homogeneous almost para–Hermitian
manifolds
A reductive homogeneous pseudo–Riemannian or almost para–HermitianmanifoldM with
homogeneous structure S such that S(x) ∈ A for each x ∈ M , where A is an invariant
subspace of one of the decompositions (2.2), (3.1) or (4.2) of S(Tx(M)), is said to be of
class A. We write simply M ∈ A. Thus, Theorem 4.1 furnishes a classification.
We have characterized [16] the connected, simply connected and complete reductive
homogeneous pseudo–Riemannian manifolds of any signature in the primitive classes S1,
S2 and S3. In particular, it is shown that those manifolds in the class S3 are the naturally
reductive homogeneous pseudo–Riemannian manifolds.
We have
Theorem 5.1 (1) The connected, simply connected and complete homogeneous almost
para–Hermitian manifolds of class S1 are classified up to duality into three classes, given
by all the invariant subspaces of the decomposition
S1 =W
′
4 ⊕W
′
8.
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(2) The connected, simply connected and complete homogeneous almost para–Hermitian
manifolds of class S2 are classified up to duality into 136 classes, given by all the invariant
subspaces (up to duality) of the decomposition
S2 = P1 ⊕P5 ⊕W
′′
2 ⊕W
′′
3 ⊕W
′′
4 ⊕W
′′
6 ⊕W
′′
7 ⊕W
′′
8.
(3) The connected, simply connected and complete naturally reductive homogeneous
almost para–Hermitian manifolds of dimension 2n ≥ 6 are classified up to duality into 36
classes, given by all the invariant subspaces (up to duality) of the decomposition
S3 =W
′′′
1 ⊕W
′′′
3 ⊕W
′′′
4 ⊕W
′′′
5 ⊕W
′′′
7 ⊕W
′′′
8 .
Proof. It follows from Theorem 4.1, the last Remark in §4 and (for case (3)) from the
characterization of S3 [16]. 2
Theorem 5.2 (1) A naturally reductive homogeneous almost para–Ka¨hler manifold is
locally para–Hermitian symmetric.
(2) The connected, simply connected and complete naturally reductive homogeneous
almost para–Hermitian manifolds of dimension 4 are classified up to duality into 3 classes,
given by all the invariant subspaces (up to duality) of the decomposition S3 =W
′′′
4 ⊕W
′′′
8 .
Moreover, such manifolds are para–Hermitian.
(3) Let M be a connected, simply connected and complete reductive homogeneous
almost para–Hermitian manifold of dimension 2n ≥ 6. Then:
(i) M ∈ W ′′′1 ⊕W
′′′
5 if and only if M is a naturally reductive nearly para–Ka¨hler
manifold. Moreover, M ∈ W ′′′1 (resp. M ∈ W
′′′
5 ) if and only if M is (+)–nearly para–
Ka¨hler (resp. (−)–nearly para–Ka¨hler),
(ii) if M is a naturally reductive locally conformal para–Ka¨hler manifold, then
M ∈ W ′′′4 ⊕W
′′′
8 ,
(iii) M ∈ W ′′′3 ⊕W
′′′
4 ⊕W
′′′
7 ⊕W
′′′
8 if and only if M is a naturally reductive para–
Hermitian manifold.
Proof. (1)M is almost para–Ka¨hler if its fundamental 2–form is closed, or equivalently [8],
if M ∈ W2 ⊕W6. Consequently, from Theorem 4.1, M is of class S2. If M is moreover
naturally reductive, then M ∈ S3. Hence, M ∈ S2 ∩ S3, so its homogeneous structure
vanishes. That is, M is locally para–Hermitian symmetric.
(2) and (3) follow from Theorem 4.1 and the classification of almost para–Hermitian
manifolds [8]. 2
Theorem 5.3 A homogeneous almost para–Hermitian manifold is para–Ka¨hlerian if and
only if it belongs to the class S−.
Proof. Immediate from the definition of S− and the equation (4.1) involving the Levi–
Civita covariant derivative of the fundamental 2–form. 2
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6 Examples
Example 1 Para–Hermitian symmetric spaces
The connected, simply connected and complete para–Hermitian symmetric spaces corre-
sponding to Kaneyuki–Kozais’s infinitesimal classification [13], that is, to
(g, h) M∗0
(sl(p+ q, F), sl(p, F) + sl(q, F) + F) Gp,q(F)
(suF(n, n), sl(n, F) + R) UF(n)
(so∗(4n), su∗(2n) + R) U(2n)/Sp(n)
(so(2n,C), sl(n,C) + C) SO(2n)/U(n)
(so(p+ 1, q+ 1), so(p, q) +R) Qp+1,q+1(R)
(so(n+ 2,C), so(n,C) + C) Qn(C)
(sp(n,R), sl(n,R) +R) U(n)/O(n)
(sp(n,C), sl(n,C) +C) Sp(n)/U(n)
(E16, so(5, 5) +R) G2,2(H)/Z2
(E46, so(1, 9) +R) P2(O)
(EC6 , so(10,C) + C) E6/Spin(10) · T
1
(E17, E
1
6 + R) SU(8)/Sp(4) · Z2
(E37, E
4
6 + R) T
1 · E6/F4
(EC7 , E
C
6 +C) E7/E6 · T
1
are examples of reductive homogeneous almost para–Hermitian manifolds with homoge-
neous almost para–Hermitian structure S = 0. In the above list, Gp,q(F) denotes the
Grassmann manifold of p–planes in Fp+q , being F = R, C or H; suF(n, n) denotes so(n, n),
su(n, n) or sp(n, n), and UF(n) denotes SO(n), U(n) or Sp(n), respectively, when F = R,
C or H; Qp,q(R) denotes the real quadric in the real projective space Pp+q−1(R) defined by
the quadratic form of signature (p, q); Qn(C) denotes the complex quadric in the complex
projective space Pn+1(C); and P2(O) denotes the octanion projective plane. If M = G/H
is a para–Hermitian symmetric coset space associated to (g, h) then there exists a covering
manifold M0 of the symmetric space M
∗
0 such that M is diffeomorphic to the cotangent
bundle T ∗M0 of M0.
Example 2 Libermann’s quadric
The pseudosphere S63 can be viewed either as the symmetric space O(3, 4)/O(3, 3), and
then its homogeneous structure is S = 0, or else as Libermann’s quadric with the almost
para–Hermitian structure (g, J) on S63 = G
′
2/SL(3,R) given by Libermann [14, pp. 88–90],
where G′2 is the exceptional simple Lie group which is the second real form of the complex
Lie group of which the usual Lie group G2 is the compact real form.
The space S63 = G
′
2/SL(3,R) is nearly para–Ka¨hlerian (Bejan [4], pp. 83–86). That
is, (∇XJ)X = 0, X ∈ X(S
6
3), ∇ being the Levi–Civita connection of g. On the other
hand, the corresponding homogeneous structure is [10] S = −(1/2)J(∇J). Consequently,
SXXY = 0, X, Y ∈ X(S
6
3). Hence, S
6
3 = G
′
2/SL(3,R) ∈ S3, i. e., the space is naturally
reductive. Thus, from Theorem 5.2,
(S63 = G
′
2/SL(3,R), g, J) ∈ W
′′′
1 ⊕W
′′′
5 .
9
And, as a simple computation shows, the space does not belong either to W ′′′1 or to W
′′′
5 .
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